to 

rH 

00 

.  O 


RSIC-12 


CONCERNING  THE  STRENGTH  AND  STABILITY  OF 
CYLINDRICAL  BIMETALLIC  SHELLS 

By 

E.  I.  Grigolyuck 


From 

Inzheraol  Sbomlk,  16,  119-1*8  (1953) 
Academy  of  Sciences,  SSSR,  Institute  of  Mechanics 


A 


ientific  Information 


U  S  ARMY  MISSILE  COMMAND 

RIDSTONI  ARSINALr  ALABAMA 


P  P  c 
vEJSIErr'  CtLr~ 


RSA  FORM  IMS.  I  JAN  S3  PREVIOUS  EDITION  IS  OBSOLETE 


Destroy;  do  not  return 


BBC  Aarallsiblllty  lot  las  i  Qualified  requestors  my 
obtain  soples  of  this  report  flroe  DDC. 

PUblicly  available  froa:  Office  of  Technics!  Services 

Department  of  Coseerce 
Washington  2 5,  D.  C. 


1 6  April  1963 


» 


RSIC-12 


CONCERNING  THE  S^.ENGTH  AND  STABILITY  OP 
CYLINDRICAL'' BIMETALLIC  SHELLS 

By 

E.  I.  Grigolyuck 


From 

Inzhernoi  Sbomik,  16,  119-W  (1953) 
Academy  of  Sciences,  SSSR,  Institute  of  Mechanics 


Translated  from  the  Russian  by 
Ingeborg  V.  Baker 


Translation  Branch 

Redstone  Scientific  Information  Center 
Directorate  of  Research  and  Development 
i  Army  Missile  Comrifcnd 
Redstone  Arsenal,  Alabama 


>: 


TRANSLATOR'S  NOTES 


Whenever  the  Russian  symbols  Kr  are  encountered  in  the  text  and 

expressions,  these  should  be  read  as  i.e.  kilograms 

When  the  Russian  is  found  this  should  be  read  as  i.e.  abbreviation 
kp  cr 

for  CRITICAL. 

The  small  Russian  ^  denotes  RIB. 

Russian  alphabetical  letter  B  is  equivalent  to  Latin  B. 

i 

p  is  equivalent  to  Latin  Q  . 


CONCERNING  THE  STRENGTH  AND  STABILITY  OF  CYLINDRICAL  BIMETALLIC  SHELLS 


by 

E.I.  Grigolyuck 

The  strength  and  stability  of  an  axially  symmetric,cylindrical, bimetallic 
shell  is  investigated  in  this  article.  The  shell  is  assumed  to  be  thin  and 
elastic.  It  is  considered  that  the  hypothesis  of  incompressibility  of  the 
layers  and  of  the  non-deformability  of  the  normal  element  retain  this  force 
also  for  the  bimetallic  shell  A“3/»  Separately  investigated  was  a  shell 
of  an  infinite  and  finite  length,  and  the  so-called  condition  of  reduction  when 
applicable  to  the  shell.  Exaaples  of  calculation  of  shells  down  to  the 
determinants  of  displacements  and  stresses,  are  given.  In  a  particular  case, 
the  results  for  a  homogeneous  shell  are  obtained.  Axisymmetric  stability  of  the 
shell  is  investigated  by  linear  arrangement. 

1.  Basic  Equations  of  the  Problem.  Let  the  radius  of  the  surface  seam  of 

the  cylindrical,  bimetallic,  thin-wal  led  shell  equal  R;  its  length,  1;  the 

v  ,  - 

thickness  of  the  internal  and  external  layer  correspond  to  ^  and  2I  x  be 
the  interval  from  the  left  edge  of  the  cylinder  to  the  cross  section,'  z,  the 
positive  distance  from  the  surface  of  the  seam  along  the  thickness  of  the 
shell  if  directed  toward  the  center  of  the  curvature.  The  element  of  the 
shell  is  shown  in  Fig,  1,  During  axisymmetric  deformations  in  the  cross 

9 

sections  of  the  element,  normal  a-,  and  tangent  it,,.  stresses  occur.  In 

4  J. 

the  meridianal  sections  only  the  normal  stress  occurs. 
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internal  forces  relative  to  unit  length  of  the  seam  surface:  the 
bending  moments  and  M2,  the  normal  forces  N-j_  and  Ng  and  the  cross-sectional 
force  Qp  are  shown  in  Pig.  1,  They  are  associated  with  stresses  by  formulas 


5-)**+  \  aI<»(i-ir)s^®  S3i<'>*dz+  S  3< 

• 

JUtm.\3t«)l<li+  J  3,«>zrfS 

0  "*• 

i\\  -  f  «,<«)  (i  — tt)  -h  \  *im  (J  ”  *fV*  *=■  5  3>(,)  **  +  1  9»w  d' 

«.  ® 

$ tu<ll(l — w)di+  S  'u(i)  (1— TT ) dl  ■  t1-') 


Here  Index  1  at  the  right  top  relates  to  the  internal,  and  index  2  to 
the  external  layer. 

We  will  examine  the  deformation  of  the  seam  surface.  Let  u  and  w  be 
the  respective  components  of  the  complete  displacement  of  the  seam  surface 
in  axial  and  radial  directions  (Fig.  2). 


Then  the  axial  relative  to  deformation  of  the  seam  surface  equals 
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*1 


\r  Qlx  -4-  ilu)*  +  (dm)*  —  ilx 
ix 


“  Vi  +  2u‘  +  «'*  +V/*  —  1. 


(1.2) 


! 


The  line  indicates  the  derivative  by  x.  Arranging  the  radicant 
expression  into  a  series  and  limiting  ourselves  to  the  two  first  terms  of  the 
series,  we  have 

-r  «'*  +  t*  ^  (1.3) 

Here,  the  second  term  of  the  right  side  of  the  expression  (1.3)  is 
negligibly  small  in  comparison  with  the  rest.  So,  during  the  displacements 
respective  to  the  wall  thickness,  the  following  formula  should  be  used: 


«i  -  »'  +  4-  w'*  .  (1.4) 

By  a  quadratic  term  during  minor  displacements  we  can  disregard 


The  relative  annular  deformation  of  the  seam  surface  will  be 


2it(R  —  »)  —  2*R  w 

**"  '  Strt  1,1  R  • 


The  incline  angle  of  the  normal  to  the  surface  of  the  seam  8-  is 
related  to  flexure  w  by  equation  of  consistency  (Fig. 2.) 


sin6-n_;w',  (i.7) 

which  at  values  ^  are  negligible  in  comparison  with  the  unity  and  such 
angles  8-  ,  in  the  presence  of  which  angles,  substitution  of  the  sine  angle 
by  the  value  of  the  angle  itself  is  valid  and  converts  into  the  following: 
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0  »  w' 


(1.8)  ] 

The  obtained  formula  is  valid  for  small  and  large  displacements  of 

6  * 

the  seam  surface  only  if  the  indicated  conditions  are  retained. 

Relative  deformations  of  the  surface  of  interval  z  from  the  seam 
surface  are  equal  (Fig.  2) 


*i«  ■=  «, — 


**  =»  «*  — 


(l.'.t) 


where 


x,  —  w”. 


(1.10) 


Normal  stresses  in  the  cross-sections  are  determined  by  Hooke's  law 


a■<,,  -  +  14*,)  - (l  + 

7‘{l)  “  r=W  f‘*  +  !*,«,  -  s  («,  +  14*,)  -  (1  +  14)3,/] 

«»  E 

l*»  +  I1***  —  *  (*1+  (*!*»)  —  (1  + 1*,)  ?,/] 

p 

jjia  ~  {«,  +  |4»,  -;(*,+  j4x,)  _  (l+,4)  !j ,,] 


(0<2<o.) 

(Ill* 


(— S,<2<0) 


where  and  are  moduli  of  the  normal  elasticity  of  the  material  layers, 
fj^  and  pig  are  Poissons  ratios  of  the  material,  ^  and  ^  are  coefficients 
of  the  linear  temperature  elongation  of  the  material  layers,  and  t  is  the 
temperature. 

Substituting  expression  (l.ll)  into  formulas  (1,1)  we  have 


M,  —  C,  *,  +  C,t,  —  ZJ,x,  —  Djk,  —  gj 

(1.12) 

Mt  =  C,«,  +  C,«,  —  Dtxl  —  ZJjx,  —  g 

(1.13) 

iV,  tm  Bltl  +  Iitl,  —  C,X,  —  C,x,  —  / 

(1.14) 

Nt  "■  S**,  +  —  C,t,  —  C,*,  —  / 

(1.15) 

1* 

by  this 
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Dt 
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7)  - 

1  u  a. 
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i 
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1  — m 

m, 
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«.  « 
ni  ■■  ijij  n*  “  5 1 

It  is  not  possible  to  express  transverse  force  by  its  corresponding 
deformation. 

The  equation  of  equilibrium  for  an  infinitesimal  element  during  fairly 
big  displacements!  of  the  seam  surface  will  be  (Fig,  1) 


(,Vl(l+a')|'  +  />,-0  (1.17) 

Qi  +  ■77?"  +  1*V|»T  +  "7j^+  w  (1.18) 

.1/,'  —  &  =  0  .  (1.19) 


Here  px  and  pz  are  components  of  the  external  surface  load  in  the 
direction  of  axes  x  and  z.  From  the  expression  for  variation  of  potential 
energy  of  the  shell  in  which  the  action  of  the  lateral  force  was 
disregarded 

~  =  -  \  I  +  (.Y,«'T  +  #  +  pMvdx- 
(  (1.20) 

— .  j  [|A,(1  -fw’)| '  +P*)wdz  +  I'Yj  (1  -HO  ?<«  —  Mfiw'  +  (M /  +  iV,w') 
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it  is  evident  that  the  system  of  the  equilibrium  equations  (1.17)  -  (1.19) 
corresponds  to  the  instance  when  deformations  and  parameters  of  the  change 
in  curvatures  are  determined  by  (1.3),  (1.6),  (1,10).  If  €  is  determined 
according  to  (l.U),  then  the  first  equilibrium  equation  (1.17)  will  be 

i 

N-j_  +  px  ■  0;  from  here  when  ■  0,  we  have 

iV,  c  const .  (1.21). 

In  all  calculations  value  may  be  considered  to  equal  zero.  Then  the 
second  and  third  equilibrium  equations  (1.18)-  (1,19)  give 

(.V.a-y  +  -u  pt  o  • 

i 

With  condition  (1.21)  we  have 

»/,  '  -i  ;Vla-",+  -y*  +  p.  « 0.  (1.22) 

Finally,  small  displacements  may  be  disregarded  by  the  second  term 

+  (1.23) 

■  ' 

As  a  result,  a  complete  system  of  equations  is  obtained  for  solving  the 
problem.  The  number  of  unknowns  equals  eleven,  the  number  of  equations. 

Furthermore,  we  bear  in  mind  the  instance  when  equation  (1.22)  is  valid. 
We  exclude  e  from  (1.12),  (1.13),  (1.15),  by  means  of  equation  (l.lU) 
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Then 


04  -  <>> 


•»'.=  - ^°-Sr v ■* *  -  —nr'3  +  X  (*■ + />  -  *  (1.24) 

(/j  =  _  ^ Cf.li,-^ w  _ Mi=ac« «"  +  £l  (.V,  +  /) (1 .25) 

--ir1  +-%-[*. +  (i-- %-)/] (1.20 

Vie  will  substitute  expressions  (1.2U)  and  (1.26)  into  equation  (1.22) 


K|1V  +  2a  a"  +  i’ti?  wm  (i  (*) 


(1.27) 


•where 


__  I  C,»,-C,?i<-»/tB,/f<v, 


if*  />,//,  _r,*  n  -K> 


"«V  cv 

6  (;e)  “  {"ST  M  +  /)"  +  /!•§•  [-v>  +  (l  - -75-)/]  -  S”  +  p,j 


« .21*) 


The  problem  of  axially  symmetric  deformation  of  an  elastic  thin-walled 
bimetallic  cylindrical  shell  under  any  relationships  between  the  thickness, 
under  different  mechanical  characteristics  of  the  material  layers, and  under 
arbitrary  heating  along  the  thicknoss  in  the  axial  direction,  is  allreduced 
toward  solving  equation  (1.27). 

During  the  calculation  of  shell  stability,  it  should  be  assumed  in 
expression  (1.28)  that  N^«  0;  then  equation  (1.27)  will  correspond  with  the 
initial  equation  (1.23). 

Vlith  «  C2  ■  0 

i*i  “  !‘i  =■  !*>  A’,?,1  =  /:,y  (i  >) 
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the  calculation  is  simplified.  By  Mis 


•V,  «  -  n\w "  +  (1  -r  !*)«)! 
.Y,  -  D  [t,  -  — (1  +!>)'«]• 


-I/3  —  —  l)  t  (1  4  *»)/»] 
A'j  «=  'tA',  —  ■lj‘-  (1  — H*)(a*+m/f) 


M > 


where 


7). 


I 


m 


m,  + 

«■  1  .  n  «■  ’  3 "» 

1  +  V  tSJH,  2  ? 


(1  ..**2) 


during  which  5  is  the  thickness  the  shell. 

Consequently,  instead  of  equation  (1,27)  we  get 


wi\  _  c."  +  -m«k> 


ciqph^*  +  *iD-4*«ita»-(i+i0n"  (<•**». 


Here 


A 


4 


(l-H1)// 

Wll* 


HOPS. 

K  C/M 


VVg,  4-  Vjj  m 

V~£~£7 


(1.3-5) 


With  for  mononetal  we  have 


1^3(1- 1**) 


_1 _ 

|//M 


(1.35) 
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In  the  following  paragraphs  2  -  9,  the  strength  of  the  bimetallic 
cylindrical  shell  is  investigated;  and  in  paragraphs  10  -  11  ,  the  static 
and  dynamic  stability  of  the  shell  during  axially  symmetric  deformation  due 
to  axial  compressive  forces. 

2,  The  Integral  of  the  Basic  Equation  of  the  Problem.  Here,  we  investigat 
the  instance  which  may  be  disregarded  by  the  second  term  in  the  equation 
(1.22),  We  will  pause  and  find  a  general  solution  to  the  homogeneous 
equation  (1.27). 

Substituting  v  *  expsx,  we  get  a  characteristic  equation 

.v*  2«.«*  +  Ir  1 1 . 

From  this  ' 

S  -r  -«  r|  «  —  (2. 1) 


The  solution  of  homogeneous  equation  (1.27)  may  be  presented  as 


succos  lx  +  7'jS \isu  sin  +  7'jshox  cos  ix  +  7’4cl>  ax  sin  ?x  (2.2) 


where  T1#  Tg,  T^,  are  arbitrary  constants. 


(2.2) 


For  this,  it  should  be  shown  that  o?<b2,  i.e.,  all  roots  of  the 

characteristic  equation  (2,1), arm  complex.  First  we  calculate 
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C,Bt—L\U, 
Ur -US 
-<V 


<•:  i  Mi  it,) 

(i-iVfii--  |i,‘) 


1  (l*i  !‘i) 

\ ■  n  /  *•  •  »  • 

1 +  i “  +  - 11  iv*)  (i  _  a  -  !*,») 


1 _ 

12  (1 


£,*»,* _ ,  1  a.V 

'i .,*)«  12(1  —  ^-*1*  "r 


iV>' 


+  ti  (1  — 


— — r(2v  +  -' 


■  •  V  ■ 


■  ;#,««)• 


We  tabulate  the  following  expression: 


(a*  -  6*)(f>A  -  <V)*!  -  (CtU,  -  BjCtf  -  (US  -  US)  (DtU x  -  CSX 

_  _  I  ‘  /■•■,<I*  ,  1-  _£iV  ,  l  , 

112  (i  -  *■)•  T  12  (1  -  (*,•)*  12  (1  -  ,»,*)  (1  -  ,!,•)*  ■+■ 

4-  *  U^J'.^S/SS  i  1  £'i*/:‘|8i*^| 

+  12  (i  -  - 1*,')  +  I!  U-iVAI-h,')  +  2  *  +  33*8,)  + 

'  I  A |  /Y8|V  »)j  i  i  <)?  3  i  o>  5  \  i  t _ £l>At8l*8|  . 

11  (I -(*.*!<  1-1*,V  +“2*  +  3',2l*  +  ti  (1  -  |t,V(l  —  H,*J 

1  E,E,%»S  ,,  .  ,  1  *,»g,W  v 

T  «  (i-Hi'Hi-mV 1  1  ll  *>+  12  (1  - |i//(i - n,*)  * 

X  1(2,*  +  IS)  (8  -  3|i,*  -  3|.t*  -  2?lH)  -r  CV't  (2  ->/  -  iV)]} . 


With  <1  and  <  1  ,  multinomial,  enclosed  in  braces,  it  is  always 
positive;  thus 

-  JS.CJ*  -  (US  -  US)  (DlBl  -  CSX 0 . 

From  this,  it  follows  that  <  b2.  The  general  solution  of  equation  (1,2?) 
will  be 

»  =  ©•  +  ©„  (2.4)  | 

where  wq  is  a  particular  solution  of  the  heterogeneous  equation  (1.27), 

3.  A  Cylindrical  Shell  of  Finite  Length.  We  introduce  the  designation 

<1>j  (x)  «=  ch ax cos ix,  «P4  (s)  =  “li  ajEsin  is 
<I>,  (,/■)  «=>  *li  *.<■<•( >s  is,  dV-/-)  —  <'li  ax  sin  ?*• 
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The  derivatives  of  functions  q(x)  (i  -  1,  2,  3,  U)  along  x  and  the 
internals  of  these  functions  are  indicated  below  (the  value  of  the  argument 
is  omitted) 


«V 

•  >  #‘i>i + 

—  ?*!»,. 

«i>, 

—  ad>,  +  ?<!>, 

■2a?<I>„ 

<1>S” 

-(a*  — 

2a?0>, 

2a?d>,. 

<V 

rs  (a*  — 

?*)<I>4+2a?a», 

*»  a  (a*- 

-3?*)<5>(- 

-?(?“ 

-3a‘)<b2. 

--  a  (a* - 

—  3?s)  tl>. 

-  w 

?(?*— 3al)*I>, 


<p,"  ^  (a*  —  %*)  <!>,  ■ 

<!>,"•«»(»*-  3?»)  <!>,+?(?* 

<t>,iv  «,  (a«  _  Gs’?’  +  ?♦)  <I>,  —  4a?  (a*— ?J)  0>, 

<I>3iv  „  (a«  _  Ga«?»+?«)4>,  +  4a?  (a*  — 

<J>,JV  .  (a*  —  Ga*  ?*  +  ?*)  «Da  -  4a?  (a*—?1)  <Pt 
<I>4> V  -  (**  —  Ga*?*  +  ?*)  <Di  +  4a?  (a*—?*)  <I>, 

it  “  1  t*  0 

X  x 

,  »(*,- 1) +  ?-©,  _ — *t (<i»,  —  i) -r «n>i . 

/i(x)  —  \ Oil*  — - ’  /*(*)”  3 - ««  +  (»> 


The  values  of  functions  C^(x)  and  their  derivatives  at  zero  value  of 
the  argument  are  shown  in  Table  I. 

Table  I 


i 

!  w 

1  <*>](0)  t 

[  ®/<°> 

<0) 

<p}V(0) 

1 

i 

0 

0 

a‘  — 6«*P*  +  P‘ 

2 

0 

0 

2*P 

0 

/tap(«>  — p») 

:» 

0 

81 

0 

<*(*'- -ip1) 

0 

•#l 

0 

P 

0 

.  -P(P>-3a»). 

0 

For  the  forces  of  (1.12),  (1.13),  (1.15),  (1.19)  w  obtain  the  expression 

w.-w.+ Wi-w.-i  -£,-Sr£l-w*“  . 

-.£iBjfi£LWt"  +  %(Ni+/)-g  (3-D 
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U  ,  =  —  (A-,®!  —  A-3<Dj)  T,  —  +  A- A)  T ,  —  (A,®,  —  Aj®4)  r,  —  (3.2) 

-  p* + m  r4  -  «.  -MlS££.w'  +  -^(.v1+/)-, 


,\  ^  t_  —  (A'4®|  —  A-4®j)  2'j  —  (A4®j  +  A»®t)  1 1  —  (Ayl**  —  A,®4)  Tt  —  (3.3i 

r.-  +  -£[.v,  +  (>--&)/) 

Vi  --  0*fci  +  *®4)  +  *i  -  a<1,a)  J  *  d*  Ai  (.^i  +  ?  >+ 


1  C,», 


+  A,  ('-®4  —  a'l'i)  2  4— u  j/t 


W*u 


A*i^i  —  ct*  a,  -«  j.  Jii 


«» 


where 


A,  -  2»>  4-'*—'-  ,  Aj  -  +  (•* ~ ?) (3.4) 

A,  ..  .2a;i-,-,  ;^‘-'.  A4  -  Jt  +(«*-i‘)^‘-^  (3.0) 


A,  =  2a> 


■k'i 


The  normal  meridianal  force  is  dependent  on  either  the  nature  of  the  pro¬ 
blem  or  the  condition  of  axial  displacement,  or  on  the  equilibrium  equation 
of  a  shell  part. 

Axial  displacement  is  determined  by  formula  (1.5 ) 


«  =  r4  -r  /,•  |(a//,®j  -  y/,®,)  r,  +  (•//,««  +  y/,®,)  r,  T 

+  (a//,®,  -  >//,®4  -  r,  +  + 


+  {JJlm)T' + 1  <A‘ + />  * + 4j  ^ + 1>»'} * 


(3.6> 


where  T,.  is  the  arbitrary  constant, 

?  f 


Hi ci  +  TrrrVrTr  ■  y/l  “  c*  “  (**  -Tt* 


(«*  +  >•)/« 


(a*  -t*  (J1) 


(3.7) 


12 


Equations  (3.1)  -  (3.U)  are  valid  for  a  thin  bimetallic  cylindrical 
shell  with  arbitrary  thickness  rr.ios  6^  and  6g,  elasticity  moduli  and 
E2,  and  Poisson'1 8  coefficients  and  Under  these  conditions  the 
deformation  was  assumed  to  be  elastic  as  well  as  axially  symmetric, 

it.  A  Cylindrical  Shell  of  Infinite  Length.  The  solution  of  the  homogeneous 
equation  (1*27)  for  a  shell  of  infinite  length  may  be  obtained  directly 
from  expression  (2,2).  For  this  purpose  we  express  the  hyperbolic  sine  and 
cosine  through  exponential  functions.  Since'  x  -*  •  ,  terms  containing  exp 
ooc  tend  toward  infinity,  the  constants  of  integration  for  a  shell  of  infinite 
length,  with  these  terms,  may  be  assumed  to  equal  zero.  Then 

£•  -  •  T,A  |  (ix,  jUr)  +  ,  (ajc,  -.j:)  (4.1) • 

where  T^,  T^  are  the  new  constants  of  integration,  determined  from  conditions 
in  the  investigated  edge 


“  A'{u-  &  -  ,  ^  •»,  -  d,  (is,  &  „  v . 


The  first  four  derivatives  of  A^(ca,  fix)  (i  «  1,  2)  along  x  and  the 
integrals  of  these  functions  are  indicated  below  (the  value  of  the  argument  is 
omitted) 

Al  "■  a*'l|  +  ?-lj.  A,'  mm  --  'pAt — s4, 

■A,"  mm  («*-■>*)  4,-28^,,  Af"  mm.  (,»  _  ft  ,J,  + 

6  At"  -—«(<**-  3?)A ,  -  -  3a>)A  , 

W  «*  —  »(«’  —  3 ?)A,  — 

VV  —  (a*  —  Ca’ij*  +  ^4,  -4a)  (a*  _ 

A,,v -  (8* _ &»'•!*  +  ff)At  +4a,3  (a* - ,V)  A, 


r 
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The  values  of  functions  A^mc,  /3x)  and  theib  derivatives  with  x  «*  0 
are  indicated  in  Table  II. 


Table  II 


'  1 

-1,(0.  0) 

j  ^,‘(0.0) 

[  A,~ (U.  0,  , 

1 

0 

1  p 

— i«P(«*-p*) 

2 

1 

’  —a 

«*  —  +  p* 

Internal  forces  and  axial  displacements  for  a  long  shell  equal 

Mt  ~  kJ,At-  k/tA ,  +  l  + 

•  +  -JT-  (A'l  +  f)—g  (4.2) 

-  -  (Mi-Mt)*,  -  (M.  +  Mi)*.  -  i  - 

-WqJ&w»  +  Z_{xi+f)_g  *  (4-„  - 

-  (Mx —M.)  *,  -  (M.  +  M,)  }JL=^^>o  - 

;[*,  +  (!_£),]  (U) 

4.  =  A,  M(  -  Ml)  *»  +  v  h  -  M  J  *.  -  «  »;  - 

- ^  !  ■  ®o  +  (/  -p*)  -  e  (4-<) 


“ " 7,4  +  k  {[-(bC»+  i*+F)7r)At~  (?°i+  + 

+ 'TT*  J  r‘ +  [(^i_  irq^-pr) ~  (aC,+  i^+Tvr)',>  + 

*  x 

+ +  S  M  +  /K*  +  5  + Ci  w}  •  (4.<ii 


$,  A  Cylindrical  Shell  for  Which  the  Condition  of  Reduction  is  Applicable. 

With  ■  Cg  ■  0,  the  so-called  condition  of  reduction  jtl^  =>  /!,=  u  and 
2  2 

»  3262  is  valid.  From  a  mechanical  viewpoint  these  conditions 

satisfy  a  state,  during  which  the  seam  surface  of  the  shell  becomes  a 

neutral  surface  during  bending.  From  the  mathematical  viewpoint  the 
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calculation  for  the  bimetallic  she  !.  -.ompares  with  the  calculation  for  a 
homogeneous  (monometallic)  shell,  nit  with  several  introduced  moduli,  one 
of  which  is  the  modulus  of  elasticity  during;  bending  and  analogous  to  the 
known  modulus,  introduced  during  the  calculation  of  stability  beyond  the 
elasticity  boundary  of  the  rectangular  cross-section  of  a  rectilinear  bar 


_ & _ ; 

<»  A,  •!•  V 


the  other  is  the  modulus  of  elasticity  on  stretch  and  is  equal  to  the 
square  root  from  derivatives  of  the  elasticity  moduli  of  layers  < 

In  accordance  with  (1.28),  a.  -  0,  and  with  (2.3),  a  •  /3.  All  functions 
for  the  investigated  instance  srS  received  if  we  assume  that  -  C2  »  0 
in  sections  3  and  U. 

Table  III 


1  1  ,«l 

rim<y 

/■}v(t) 

*1 « 

1 

-  U/V;) 

-W,«) 

>’,«)/* 

J 

~i  w«(0 

— 4W,(5) 

*/,(?) 

**>.(«) 

-«*/««) 

>.(£>/* 

'■ 

**’><;> 

-WAVS) 

The  solution  may  be  presented^ also, through  the  A.  N.  Krilov  functions 
introduced  by  him  when  making  calculations  for  bars  on  an  elastic  base  /U/ • 


Table  I V 


i  J 

|  '/0> 

iy<w 

/,•(«) 

- -  (5)  as  rh  K  cos  S  {c  *=  kr) 

r,~i o)>fv(0) 

... 

*  1 

— 

- Ft  (<)  =»  -.-(eli  5  sin  S  +  sh  $  cos  5) 

t 

1 

0 

0  ! 

0 

. 

0 

k 

°  1 

0 

o  /•',■)(?)  ysbEsinl 

•  0 

(l 

k*  ; 

0 

o  . 

'•  i 

"  ! 

0 

0 

*• 

0  «■  -J-  (rhSaiu? — slilcosl) 
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The  derivatives  of  A.N,  Krilov's  functions  along  x  are  shown  in  Table  III. 
The  value  of  A.N.  Krilo'v  functions,  as  well  as  of  their  derivatives  when 
x  ■  0,  are  shown  in  Table  IV;  by  which 


A-i(E)  =  \  F  (c)  dr  . 

\ 

A  general  solution  of  equation  (1.33)  will  be 

w  «*  7  .^(5)  +  TtFt(l)  +  TaF,{i)  +  T,F,{i)  +  w,  (5.1) 

where  T2j  Ty  are  the  new  constants  of  integration. 

The  expressions  for  forces  and  the  angle  of  inclination  of  the  normal 
will  be 


.1/,  -  A3/)  [/.r./’.C-)  +  *rtFt®  —  T,F ,  (I)  -  TtF.Jl)\  —  D{v0"  +  (1  +  t‘)« ! 
J/,-I.A»A)(/.rlF,(«)  +  4T,Ft{<)  -  -  TStf)  -  TtFt(  c)  J  —  D  [|<w„"  +  (1  +  j»)m] 
<?,  -  k3D  |/.r,Fa(5)  +  4  r,F,(E)  \T3Ft  (<)-  T^.G)] -D[wr  +  (1  +  1»)  n\ 

Nt  i-n.Vj  —  (71  ,/■,(<) rj-M+TSAV  +  TSM+Wt+mH]  (5.2) 

0  -  k  l-  4W;)  +  V-,W  +  +  TAFM  +  w- 


But  for  a  Cylinder  of  Infinite  length  we  will  find  /5/ 
M, -2k'D\TlAJ®-TsAl®]-Dlv,',"+  (1  +  p)„)  . 

M*  —  2jiA,Z)[7’,y1j(«)  —  T j.4,  (c)j  —  +  (1  +  |,)nj 

Qia—  2A»ZJ  +  T a/l,(5)J  —  D  [w0'"  +  (1  +  p)«'J 

N*  “  ~(±r  ir,'i,(i).+  r,A,( y  +  5„  +  mH\ 

-W  ”  +  «'«.  0  -  k[TlAA  (5)  —  7,/1a({)]  + 

Here  . 

e-?sinE,  A,  (5)  =  e-«(siu  5  +  cos  5) 

■4i(«)  ■“  «“*  cos  5,  /i,(5)  =>«_l(eoss—  sin  5) 

1 6 


by  Tp  Tg,  certain  other  arbitrary  constants  are  indicated  here. 


Table  V 


A,‘(0 

A,‘  <0 

A,"  <I) 

Wv<o 

*,<5> 

1 

kAt{\) 

-24*/l,(5> 

2  *M.(5) 

|l -A,  (5)|/2* 

n 

* 

~kA,(l) 

2  4M1(E) 

24M,(5> 

[l-A<«)|/24 

3 

-2*A,«) 

-2 4M,«) 

M'A,(i) 

|l— /l,(5)|/* 

4 

-UAJXi 

2 4M,«) 

-44M,«> 

AM/k 

The  derivatives  of  functions  A^(£)  (i  -  1,...U)  along  x  are  shown  in 
Table  V.  The  value  of  these  functions,  as  well  as  of  the  derivatives,  when 
4-0  are  given  in  Table  VI. 

Also  presented  are  the  values  of  the  integrals 


X 


x{  -  \  Ai  (E)  dx 
« 


Table  VI 


1  1 

•VO  ! 

VO  1 

Ai  <o| 

A'/'  (0>  j 

A(,V(0) 

1 

0 

A 

-2**  1 

.  2** 

0 

2 

1 

—k 

0 

2  4* 

—44* 

3 

1 

0 

.-2** 

44* 

—44* 

4 

1 

-24 

2** 

0 

—44* 

6.  Boundary  Conditions.  Boundary  conditions  are  in  brackets  in  formula 

(1.20),  There  are  a  total  of  6  boundary  conditions-  three  on  each  edge. 

They  permit  determination  of  constants  N^,  T^,  T^,  T^,  T^,  T^. 

The  form  adopted  for  solving  the  problem  brings  an.  accord  of  the  boundary 

conditions  for  homogeneous  and  bimetallic  shells. 

17 


V. 


J; 


J 

i 


Thus,  as  an  example  for  the  -'roe  edge 


jVj-J/i-ft-O. 

For  the  rigidly  fixed  edge 

t 

t 

u  sss  ZU  ~  0  • 


7*  The  Determination  of  Normal  Stresses.  Normal  stresses  in  layers  of  the 
shell  are  found  by  formulas  (l«ll),  where  x^,  x^  are  determined 

through  internal  forces  from  (l.V>)  -  (1,15)  by  formulas: 


•i  “ 


a. 

T* 


(7.1) 


Here 


fit 

fit 

fit 

fit 


\  “  (A,  +  /)  fii  +  +f)fia  +  (Mi  +  s)  fi,  +  (Mi  +  g)  fit 
Ai  -  (A-,  +  /)  l!t  +,  (,V,  +  f)D,+  (M ,+g)fit  +  (A/t  +  g)  £} 

A,  =*  -  (A’j  +  /)  L’i  -  (JV,  +  /)  fi4  +  (M,  +  g)fi,+  (M,  +  s)  B, 
A,  -  -  (.V,  +/)£,-  (N,  +  f)fi,+  (Mi  +  g)fi,+  (Ma  +  g)  Bt 
A  -  (OS  -  US)  (DS  -  DS)  —  2  (B2D,  +  BiDi)  (C,»  +  C,1)  + 

+  4  CiCl(UiDt  +  BiDi)  +  (CS  —  CSf 
-  0,  (PS  -  D*)  +  2C,C}D,  -  £>!  (C*  +  CS) 

~-Ut  (OS  -  1>S)  +  2CiCtBi  -  Vi  (CS  +  CS) 


•  —  Ut  (-C,/J,  +  C2D2)  -  Ci  (— £,/),  +  CjCJ  +  Ct  (- 
■  (C*  +  fit*)  ~  20,l\C\  _  Dl  (us  _  D%) 

-  fit  (fi*  +  fit*)  -2  OfiiCi  +  D,  (OS  -BS)  - 


(7.2) 


By  this 


If  Poisson's  ratios  of  the  material  layers  are  identical 

then  the  introduced  expressions  for  c2>  Xp  *2  become  simplified,  as 

fit  *=  V-fin  Di  ■»  Ba  =  ji.fi, . 

<.  .  .  (*V.-  +  «-!■)  /I  *>.  -  W  -  tiM.  4-  <1  - 1)  i.1  C. 

( I  -  n«)  WOO  -  C,*) - 

•  *.  •  i-v, -M/.  +  il-n)#] c, 

(i  -  ^-)  - 2~ 

x.  -  Iffi— |»A’,  +  (1  - 1*) / )  C,  —  [Jl/, -jJtf, -f  (1-n)  *]  B, 

.  x. «  I‘Y*-M^.  +  (1-H)/1C.-  tjy.  -  nAf,  +  a  _  „)  ,1 B, 

*  ;  (i-^Ku,^?- -  ('-3> 

:  18  ; 

I  ,  !  i 

.  i 
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Thus,  as  an  example  for  the  '’roe  edge 


iV,  « ,1/,  =  (h  -  0 . 


For  the  rigidly  fixed  edge 


u  =  0  b*  w  =  0- 


7.  The  Determination  of  Normal  Stresses.  Normal  stresses  in  layers  of  the 
shell  are  found  by  formulas  (1.11),  whore  «1,  cg,  x^,  are  determined 
through  internal  forces  from  (1. V?)  -  (1,1$)  by  formulas: 


Here 


a, 

T* 


**  T* 


M,  «  — 

1  i  1 


A, 

X,  T 


(7.1) 


•ii  “  (.V, +/)/?,  + (A \  +  /)n3  +  (M1  +  s)B3  +  (Mt  +  g)Bt 

st  «  (.V,  +  f)  /;,  +,  (A',  +  /)£,+  (;!/,  -f  ff)  +  (.V,  + 

Aj=a~  (‘V»  +  /)  M  +  /)  £4  +  (-Va  +g)Et  +  (Mt  +  g)  Bt 

A*  “  ~  (,V>  +/)/?4-(-'V3+/)  +  (.V,  +  g)  Bt  +  (J/3  +  ^  B. 

d  -  (ZV  -  US)  (DS  -  DS)  -  2  (DtDt  +  D.D,)  (CS  +  CS)  + 

+  4C.C,  (B,  +  Z/,0,)  +  (C,»  —  C,Jj 1 

/*’,  -  Ut  (/;,>  -  Z>,»)  +  2 CtC.D,  -  Dx  (CS  +  £,•) 

-  -  ut  (US  -  US)  +  2clctul  -  u3  ( CS  +  CS) 

Jj,  =  —  ZZ,  (C\D,  -  C,D,)  +  c,  (CS  -  CS)  +  Bx  (C3D,  -£,/>,) 

/,*  "  “  *•  [~ClDl  +  C*°J  ~  Ci  +  C,CS  +  Ct  (-  B.D,  +  CS) 
l‘i  -  lil  (CS  +  CS)  —  2B/\Ci  -  Dl  ( DS  -  DS) 

B,  -  Ut  (CS  +  CS)  -2DAC,  +  D3  (US  ~DS)  -  (7.2) 

If  Poisson's  ratios  of  the  material  layers  are  identical  ^  »  M, 

then  the  introduced  expressions  for  C^,  e2>  ^  become  simplified,  as 

<-,«■>  |lCj,  Z>jCS|iZ)„  ut  =  [»Z?,  • 

*.  «=.  l-y.-^.-Kl-  ih/J  -  [.!/,  —  (1.1/,  +  (i  —  n) c, 

u  - 1**)  dhih-csr - 

■  *,  =  -(‘v«  -  HAT,  +  (1  -  ( 1)  /]  /;,  -  [.!/,  -  tiAT,  +  (1  -  n)  ,1  c. 


By  this 


-  (A.-iijV.JJI-^/lC,-  (JI/.-^W,  +  (1  —  4) f]  B, 

'  ■  <1  ~  (4*)  <«.#  ~  C,1)' - t~L  — 

.  _  l*V,-|i^,  +  (l-|4)/|C.-t.l/.  —  nAf,  +  (i  —  n)fl  D. 

<i  —  i *»)(//;«, ~ cyjj* - *  -  - 

18  '•  '  •>' 

‘  1  '1 

J  S'  ’  ■ 


(7.3) 


The  following  expressions  are  necessary  for  calculating  stresses  during 


Mi  ■  8 


'«">  c‘  J  7v/,— <?,« - 

-•  +  tlx»  -  —  •  “a  + 1**,  =  Mi=JL!h±E 1^£2>  . 

'*"*  c*  ^;-6v  (74- 


If  the  condition,  of  reduction  is  valid,  then  in  formulas  (7.3)  and 
(7.U)  it  should  be  assumed  that  C-^  ■  0.  Then 


(l-n'jfl  n> 


1  +  m 
iV,  —  |ijf, 

“*  (i  — |T*)/f  “  n  ' 


We  go  over  this  last  case  in  more  detail.  Substitution  of  the  obtained 
values  into  equations  (1.11)  gives 


V~T\  7*  +  *‘TT!(1  +  )  +  -,-§7 +  nz) 

0",",  1*  +  +  /  *«)  )  +  T~("» -  Pi*  +  ™) 

0<f>.  /|;  4  +  *  2J»  (l  +  Y\  )*+  j~ *— (m  -  fcl  +  «) 

/l  T* + *  (i  +  /f )  +  r^r  <—  ?•*+“»• 


(7.5) 


If  it  is  assumed  that  z  ■  0  in  the  above  expressions,  then  we  obtain 
the  surface  stresses  of  the  shell  joint.  The  second  terms  of  each  of  the 
four  egressions  disappear.  This  means  that  at  -  C2  ■  0,  the  seam  surface 
assumes  the  role  of  a  neutral  surface. 

t 

Assuming  that  in  (7.5) >  z  ■  0  and  z  -  0^,  we  obtain  stresses  along  the 
boundaries  of  the  internal  layer 


* 
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°(i> 


[ 


Vi> 


[  0<l‘)] V'ti,  lm  -  fc*  (°)1  (7-c> 

N.-«”/i4 +T§nim-^(o)i 
... V  ft  -T- + 3 4K1 +  V%  )  +  -^[”‘-^(2.)  +  n*J 
Jr  4- + : “hf!1 +/?;  )  +  <M  +  «*.!• 


We  obtain  the  stresses  along  the  edges  of  the  external  layer  by  assuming 
that  in  (7.5)  z  *  Oand  z  — Pg 


— MpK1+^'*!)+T=V|ln— WI-U- "U 
[•'?]  J  .  -  V^1  -? — S-jS1^  +  W<—  M— »>i!  • 


For  determining  temperature  terms,  we  find  in  the  expression  of  stresses 
the  expressions  m  and  n  as  the  adopted  laws  of  temperature  change. 

Let  the  temperature  along  the  thickness  of  each  layer  be  constant.  In 
the  internal  layer  the  temperature  difference  before  and  after  deformation 
is  equal  to  Al/j^  and  in  the  external  layer  A  t^.  By  this  from  (1,16) 

m,  =s  «,  mt  mt  =  —  n,  =>  [SjAfj  * 

so,  by  (1.32) 


’  m « 


3l*V|  "4“  V 

1+/I3Z; 


(7.8) 
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i  '  ! 


With  =  P, *=  ?•  & '  i>0.,  for  monometal  we  get 


«  =  pi/,  ft  =  o- 


(7.9) 


Let  the  temperature  change  linearly  along  the  thickness  of  the  wall: 


t,s,  +  Ijt,  i ,  —  t, 


where  t^  is  the  temperature  of  t'_‘  inner  layer  at  z  -  and  tg  is  the 
tenperature  of  the  outer  layer  at  z  ■*  6^.  Here 

/ 

«.  =*  •§*!/»«.  +  <25,  +  £,)),  (1,8,  +  /,  (28,  +  8,)] 

n‘  “  TT  KA  +  *»  +  2*i)J.  [tj8,  + 1,  (28,+38,)] . 

These  expressions  with  C^»  .Cg  ■  0  convert  to  the  following: 


mi'  W|.j,ji,+Mij.£^I 


2(1  +VHJE[) 

-  -  »,  -  - 

’  +  .  •  3(i +KZ^) 


Then 


^  =  'i  13.  (2  +  K tf, //!’,)  +  3.  V /I,//:, I  +  I,  [3,  +  3,  (2£,/g,  +  V £•,/£,)] 

2(1 

f,t3,(3  +  2/7?7^)-M  -H,  [3,50^-3,(2+3  0^01  7 

28(1  +  K«  1  U) 


For  monometal  ■  Eg  ■  E,  ^  a  P  and 


«-P-^ 


*i  — «. 


(7.11) 
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a.  Constant  Temperature  Along  the  Thickness  of  Each  Layer.  Substituting 


expressions  of  m  and  n  alone  (7.8)  on  the  right  side  of  equation  (7,5)  and 
omitting  tho  terms  representing  internal  forces,  we  will  obtain: 


JU  jh 

fi,  \tt  —  3|A.'| 

f  V/T7 

3  1  «  3*  « 

1  —  ti 

lr£7+V/T7 

a  (2)  «J| 

r 

/,  r/T 

ca  3j  w  - 

1-1*  1 

1/2,  +  l'fc, 

(7.12) 


'0)  ■ 


Stresses  along  the  boundaries  of  each  layer  will  be 


[s‘1* 

]  - 

[4*] 

[4*1 

J  i-O 

L  J« 

[4*1 

[.?i 

|  -| 

>■  j 

>1 

1,-0  1 
-1 

-  Ji 

f4] 

J--«,  1 

■  J« 

M'.-Ei-V.  g,  Vt,  __ 

i-t*  fi.  +  Ki i7 

JL  f,  ££ 

2  i  — s»  V/q+yg, 


K,  Y  , 

*  —  h  +  V 1, 


From  relationships 


P?U 


.-2, 


[4>].-»  m|  [  g<2 1 t- 


Rl^T  141. 


>  —  2 


it  is  evident  that  when  C, 


0,  the  diagrams  of  the  temperature  terms 


'1  "2 

of  the  stresses  are  always  similar  during  uniform  heating  along  the  thickness 
of  each  layer,  and  the  state  of  the  neutral  layers  during  pure  thermal 
deformation  (N^  ■  Ng  -  ■  M2  -  0)  is  always  the  same  (z  -  +  26^/3  and  z  - 

-  262/3). 

b.  The  Linear  Flow  of  Temps  1-  it -re  Change  along  the  Thickness  of  the  Wall. 

The  temperature  terms  of  the  expr»  rr^ons  for  stresses  (7.5)  appear  as 
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t 


a'i» »  9‘i‘ . 


A  tYTET- 1- >.(2g,+y — r <t  fc'«/fci>  l*»g>  -•  (-  ;2E‘ +  3 v 

'  ■  (l  +  VW 

(7.14) 


.  Pf-e. 


(2)  (2) 
OT  =»  3  2  : 


.- >--Jb 


t,  (2£i  +  /  £,&,)  +  f,  V  £|£«  +  Tfl+>/  l*1  (3g| 

ti)  “  (1  +  K  t./f,)* 

_  y £|£«l  b 

(i+/ivt;)* 


From  here 


> •  'I'-  jJCEiS  +*.(2g.  +  ^X) 

"2(1  -,*.)  (1  +  V  UJlitf 

_  ?* 

'2t  -  W(1  +  /*„£,)»  1 

_ 2,  ^s,  t,  (2£,-r-vrfe^’,)+ttrg^r  n  15. 

20-W  (1  +  Kg^)*  1  ' 

2  (J  —  n)  (i  +  V  tj/i',)*  1 


For  a  homogeneous  shell  the  normal  stresses  are  determined  by  formulas 


«=  -T"  +  J25lL  +  r^r  (m~?<  +  ni) 


(7.10) 


During  the  linear  law  of  temperature  change  along  the  thickness  of  the 


wall 


N,  ,  12.V,» 

T  +  "  «*  " ' 


A’.  _L.  12^»«  . 

i  «• 


(7.17) 


At  this  stage  the  stresses  along  the  surface  of  the  shell  equal  to 


(7.18) 


In  formulas  (7*18)  the  top  symbol  pertains  to  points  of  the  outer  surface, 
and  the  bottom  syribd  to  points  of  the  inner  surface. 

8.  Calculation  of  Long  Cylindrical  Shells. 

a.  A  Long  Cylindrical  Shell  v  th  a  Fastened  Edge  during  Uniform  Heating 
along  the  tferldian  and  vith  Uniform  1  res  sure. 

Letting  p  ■  p  ■  oonst,  t  •  t  (z),  the  individual  solution  of  the 
heterogeneous  equation  (1.27)  will  be 


If  the  shell  Is  exposed  to  the  action  of  the  axial  tensile  force, 

t 

the  resultant  of  which  in  eaoh  aeotion  equals  N,  then 

4 


By  seleoting  the  origin  of  reading  x  of  the  fastened  edge  for  determination 

•» 

of  constants  and  Tg,  we  have  conditions  w  ■  w1  ■  0  with  x  -  0.  From  here 


(8.2) 


“  *f w*’  T",*.  — 

w  -  v.  fl  —  Ai  (ax,  fix)  (#*,  p*)j . 

Forces  are  determined  from  expressions  (4.2)  -  (4.$) 

,  Jl/,  -  w.  {*,  At  (ax,  fix)  -  ^  Ma  («,  ?*>  -  -£i£1^2l}  +  +  /)-g 

'V.  -  W,  {(*,  +  f  *,  )^(as.M  l-(  *, *,)  At  (ax,  fix)  -  + 

Qi  -  — !*•(«*—?*)  M*  («*.  ?*) 

Nt  -  «•.  {(  X,  +  .1  *4)  a,  fox,  M+  (*«-y  *,).A,  (u,  ?*)} 
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(8.3) 


f 


If  the  heating  along  the  thickness  of  the  wall  changes  in  accordance 
with  the  linear  law  but  the  shell  is  homogeneous,  then  from  (8.2)  and  (8.3) 
we  get  (p  ■  0) 


* 

f  • 


<?,  =  -4A*fl£?-h^p- /(,(<).  N,^-EZ±±h-A,(i) 


(8.4) 


Normal  stresses  in  the  edge  points  (x  »  0,  z  -  +  will  be 


(8.5) 


In  the  outer  edge  points  of  the  cylinder  (ji  *  0,3)  the  stresses  equal 

’  0,-  —  £0(0.193/, +1.62/,) 
o,  £0  (0.0580^ + 1 .48/,) 

in  the  inner 
o,«  £3(0.193/,+  1.62/,) 

0,o.  —E}  (0.942/,— 0.486/,)  • 

At  a  sufficient  distance  from  the  edge 


t. 


—  £0 


>■  +  >> 

2 


0,  o.  0,  =» 


(8.6) 

X  Q|  — *i)  • 

2(1-1*) 


25 


r 

f 

i 


Pis.  3 


Lets  examine  a  numerical  example.  Let  the  cylindrical  shell  be  under 
a  uniform  external  pressure  p  and  bo  uniformly  heated  to  £fc°C,  along  the 
thickness  of  the  wall.  We  consider  the  heating  along  the  axis  as  uniform, 
and  the  axial  ‘displacement  as  free.  Given  are 


—  2£,  —  2- 10*  xr/cM*,  P,  —  p,-  1.1  ■=  0.33 
Pi  “  160.10-7 1/ C,  ?i  «=  <i,  ■=  0.5 cm,  R  40cm  • 

* 

By  formulas  (l*l6),  (1.28),  (2.3),  (3.5),  (7.2)  we  find 


II,  «■  i.r.c-10*  i<rc«"' 
/<,- 0.511(0. 10*  nrc«-> 
C,  —  —  0.131-13. 10*  nr 
C,-  —  0.03G120.I0*  nr 
O,  ••O.ISTO-IO*  iircu 
i(f- 0.012902.10*  urcM 
n  -0.001002',  cm"* 
b  -  0.083777  cm-* 

*  —  0.20277  cm”1 
3  -  0.20.341  cm-' 

A’,- 20.413.10“  K1*CM 
£,-—8.3911.10“  Kr*cy 
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i3.-2fi.Vtl -10'*  itr* 

/j4  -  9.4508-10'*  i;i* 
2J,--3!7.:i3-10“Kr*CM-' 
Bt  -  100.fi9.10'*  ki-*cm"‘ 
A  -  38.362- 10*'  nr* 

*.  -  10930  nrc«-' 

-  —3124.9  nrcM** 

*,  -'3428-7  Ktcsr* 

*4  -  37502  KrcM’* 

*.  -  477.91  Ki-cu-* 


Fig.  U 


Fig.  $ 

Further,  from  formulas  (1,16),  (8,1)  we  have 

/  -i  29.082A1 .  Xg'/om 
gwm  —  1.3007A<: 

<*  0.00053490AJ + 

+  0.0010fi65p  cm  . 
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Forces  are  calculated  by  formulas  (8,3)  which  take  the  form  of 


Mx  =•  (lt.6C/>— 5.847A/).!,  (ax,  px)  —  (11.51  p—  S.773A/)  At(ax,  pr)- 
*  —  0.148C/>  — 0.98O2A/ 

.»/,  -  (0.::w:3/>— 6.18TJ7A/)  («/,  px)~ (G.943p— : 3.482A0^a(«*.  ?*)  + 

,  +3.286  p  — 0.9802A/ 

•V,  •  i  (\0p -  20.l)GA/).t1(a.r1  px)  +  (39.4A/)  _  19.81A/)  At  (ax,  px)  - 40 p 
K*  —  0.001QG7J1— •0.9873.-1,  (ar,  jl!.r)  —  At  (ax,  jix)] p  — 

-0.0(K);.3',il [1-0.9873,1, (ax,  ^)-^(sue( 


Stresses  are  determined  by  formulas  (1,31),  Diagrams  of  forces  and 
bendings  are  shown  in  Fig,  3,  stresses  of  pressure  in  Fig,  h,  and  temperature 
in  Fig,5, 

h.  A  Long  Cylindrical  Shell  with  a  Supported  Edge  during  Uniform  Heat¬ 
ing  along  the  Meridian  and  with  Uniform  Pressure. 

From  conditions  w  ■  0  and  M  =  0  with  x  s  0  we  find: 

T'm£  <'V>  +  />  +  g[  •  T* - «•».  (8-7) 

We  will  determine  the  forces  by  formulas  (U,2)  -  (It, 5),  Let’s  pause 
in  the  case  of  a  homogeneous  shell  with  linear  heating  along  the  thickness 
of  the  wall.  Here 

T  _  J_  +  V-  p.  t,~t. 

The  forces  and  bendings  are  determined  by  formulas  (5,3),  On  the  edge 
of  the  cylinder  we  have 


r,  -  np  ix+s 


(8.8) 


o,-0,  A?  (/,  +  /,  *(/,_/,)). 
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In  the  inner  points  of  the  fibers  at  the  edge,  the  stresses  would  be: 


a>  0, 


in  the  outer 


o,«= — £'plt 


c.  A  Long  Cylindrical  Shall  with  a  Free  Edge  during  Uniform  Heating 
along  the  Meridian  and  with  Uniform  Pressure. 

Since  M-j_  :  r  0  with  x  =  0,  then 

•  *»  -  £  Ptf'*  W  +  /)  +  #].  _  Tt-  Tx  (8.0)  . 

For  a  homogeneous  cylinder  wi  ;h  line  ar  heating  along  the  thickness  of 
the  wall  (p  ■  0)  we  find  /5/ 


Ux. - ^=J>  U  -  A,  (:)),  J/*  -  -  [1  -  M,(5)l 


(8.10) 


Kaximum  stresses  at  the  edge 


„  £p  (:,  —  t,)  f  Va  ( l  —  s*’)  t  1 1 _ — 107  \  ^ ,,  _ n 

*1-0,  o,  -  ^  ■■■-■-  [  3  +  1  J  “  o.ml  •  * 

(«pn  ji-0.3)  (8.11) 


With  kx  *  v  the  meridianal  stress  has  an  extreme  value 


8,  =  T  1.043  «=  T  0.745 £>  (/,—/*)  (upa  t*  -  0.3)  j  (8.12) 


there  is  also 

a,  -  [-0.0144/3(1=?) T(l  +  0.043?)]®^  ('»  —  *.)- 

p.t  (i  —  0.3)  (8.13) 
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d.  A  Long  Cylindrical  Shell  with  Closely  Placed  Ribs  during  Uniform 
Heating  along  the  Meridian  and  with  Uniform  Pressure.  (Fig.  6) 

We  assume  that  the  radius  of  the  6eam  surface  and  the  radius 

of  the  central  axis  of  the  ring  3^  differ  unessentially  from  each  other, 

i.e. ,  R*,  R. 

We  will  substitute  the  action  of  the  rib  on  the  cylinder  with 
concentrated  force  P  kg/cm  uniformly  distributed  along  the  circumference 
(it  may  be  considered, for  example, that  a  uniform  pressure  is  distributed 
from  the  rib  to  the  cylinder,,  along  the  whole  area  of  contact) (Fir.6) . 

The  unknowns  T^,  Tg,  P  are  determined  from  conjugation  conditions  at  the 
contact  point  of  the  rib  and  the  cylinder  (Fig.  6) 

W*  a  0,  W  - - A  Jim  — —  Qi  — - jP 


where  is  thei  increment  of  the  central  axis  radius  of  the  rib,  EUi_  F^ 
is  the  elasticity  of  the  rib,  P^t  V1A,  is  the  relative  thermal  expansion  of 
the  center  axis  of  the  rib.  Then 


r. 


y  Tt,  P  =  4*  («*  +  ^  Tt 

_ tf,  +  p„, fluff _ 

1  +  7rJ‘‘  -  -7  C'‘  ■  («*  +  P) 


(8.14) 


Bending  of  the  cylinder  equals 

ic  ■■  icu  +  y  M,  (bx,  jix)  +  (ax,  px)]  Tf  .(8.15) 

The  stress  in  the  rib  equals 


«V4 


(8.16) 
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p  t 

y 

...  -j. 

P  R 

U* 


Fig.  6 


Fig.  7 


With  Eh*.  P«.  -*  *  and  W  «  0,  we  get  the  previously  investigated  instance 
of  a  shell  with  a  rigidly  fastened  edge. 

e.  A  Long  Cylindrical  Shell  with  an  End  Rib  during  Uniform  Heating  along 
the  Meridian  and  with  Uniform  Pressure  (Fig.  7) • 

The  unknowns  which  are  the  constants  of  integration  and  Tg,  the 
radial  force  P,  and  the  bending  moment  mQ  acting  on  the  rib  are  determined 
from  equations  (see  /6/)  (Fig.  7) • 

pin 

■  v>  =  — —  —  -rr-p - ?UI  tmR 

—  jr'!""  .  &=» — .Uj=*fft0  npn  *  — 0  • 

'*U4  'Hi 


have 


Here  is  the  bending  rigidity  of  the  rib.  As  a  result  we 

d*  - - V  £•  y  (8.17) 

Itt  '  VU 

“if— //T~  (?7>1  ~  +  f“  (*’— 3S*) T*. + ?(>*— r , ] «  —  /> 

-^OirzZPj.  {Ta  +  Wo)  +  .P'bgjSL  [2a y,  -  («»  -  r,|  + 

+  ^,;(‘VI  +  /)  —  ?*=» • 
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After  determination  of  the  constants  it  is  not  difficult  to  find  the 
forces  and  stresses  in  the  cylinder  and  the  rib.  The  normal  stress  in  the 
rib  (Fig.  7) 

— ?-£>.)•  |8-,8) 


where  is  the  distance  from  the  center  axis  of  the  cr«*ss-section  of  the 
rib  to  the  point  under  examination, 

9»  Calculation  of  Cylindrical  Shells  of  Finite  Length. 

a.  A  Cylindrical  Shell  with  R :  nly  Fastened  Ecp.es  during  Uniform  Heating 
along  the  Meridian  and  with  Unifor:  '-assure . 

Since  w  r  v'«  0  with  x  »  0  -trd  x  -  l3  then 

2’1»— too,  y- ■=  — v -  - cos»p/) «3 

p’sh*al  —  «‘sin*  (U 


r  _  a  (chat/  —  con  gJ)  (?fh *1  —  «<ln 9M 
*  01  fi’ah'ai  —  a’sin*  y 


r‘— 


For  a  homogeneous  cylinder  with  temperature  variations  according  to  the 
linear  law,  alonp  the  meridian  (p  =  0)  we  have 


w 


_ f  j.  |  /  sh  Ax  cos  A  (I —  *)  +  ch  Ax  sin  A  (I—*)  +  cos  kx  ah  k(l  —  x) 

—  - - - sh  Af+sfn*3  .  .  ^ 

1  .  sin  Axch  A  (l  —x)  ] 


,  - xch  A  (l  — x)  \ 

"h  sh  kt  +  sin  *i  / 


_ I,  +  (.sh  Ax  sin  A(l  —  x)  —  sin  Ax  shA  (l  —  x) 

0  -  2kR?  J-2— 5 - shA/  +  sinAl 


(n.2) 


1/  /  _  2  ... .  7' +  h  IT  [ch  kx  sin  k  (l—x) — 

**  1  12(1  — (i) l  4  1  +  (i  t  (shAi+smAi)1 

—  sh  te  cos  *  (Z  —  x)  —  cos  ’ sh  *(Z— x)  +  sin  kx  ch  k  [l—x)]  —  (Z,  —  /,)] 


if  _ Ou  Q-(1  ~-b*i  - — *l+<>|  [ch  kx  sin/;  (Z — x)  — 

12(1— j*)\  ^  1  +  1*  2(sh  W  +  sin  kl) 1 

_ sh  Ax  cos  k  il — x) — cos  kx  sh  k(l— x)+sin  kx  ch  k(l — x)J  —  (t,  <,)  j 

.„,(,+  (,  cos  Ax  ch  A  U  —  X)  -  ch  Ax  cos  A  (/  —  x)  JV.  .0 

<?!-  —  - mTA(  +  sin  kl  ’  1 

i.  4.  (.sh  AxcosA(/-x)+chAxslnA(;-x)4-cotA»shA((-x)i-sin  AxchAQ-x)  , 

ZV,  -  — £2? - — - shA/  +  sin  A7 


32 


We  calculate  the  stresses  in  the  fiber  points  of  the  cylinder 


(1) 

(2) 


x  »  0  and  x  -  1 


-  ±  nth,  [-'* 1  W-rt^]  ■ 


X  =»  -j-  / 


a,M±-..g-.  f/,  A+«.  ,  _M1 

1  x  a(t-n)  L  l r  |i  2  t*»  —  "i — *«) J 

9‘ -  ±  sii-T) K!:tT7  ' 'Mr ^4(1—^) *4 


(9.4) 


Here  by  means  of  $  1,  tfg,  and  l\  > 


the  following  expressions  are  indicated 


it  mm  8,1  U—Ctokl 
Yl  ih  il+alu  Icl 

i  (9.5) 

<  a  *li  */— tin  JM 
Yl  *h  */  -f.  tin  kl 

/ 

6,  a.  cll)*/sln (  kl  cos  {it 

,  *  sliW  +  kiu*Z 

,6  -  _  ch  i  »■"  >  *<  +  sh  t  kl  cosj *1 
Y4  sh  W  +  sin  *7 


Fig.  8 


The  values  of  functions  02  m  ^(Ot  #3  ■  ^3  (•".)>  ^  5)  are 

presented  in  Tables VII  and  VIII  and  in  Fig.  8. 
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Table  VII 


( 

c.(I> 

{ 

*.(0 

4.(0 

0 

0 

0 

1.8 

0.85154 

0.50263 

0.1 

0.65000 

0.IXJI70 

1.9 

0.88766 

0.55092 

O.U 

0.09999 

0.00007 

2.0 

0.92112 

0.59908 

o.i 

0. 11990 

0.011999 

2.1 

0.95170 

0.64659 

(1.4 

0.10007 

0.02(1050 

2.2 

0.97920 

0.69291 

0.5 

0.2.1091 

0.011(1.47 

2.1 

1.0036 

0.73754 

o.r» 

0.29978 

0.050011 

2.4 

1.0240 

0.78004 

0.7 

0.31053 

0.081522 

z.t> 

1.0128 

0.81997 

o.x 

0.39908 

0. 10015 

3.0 

1.0884 

0.97221 

.  0.0  . 

o.-usiu 

0.11437 

3.5 

1.0813 

1.0433 

1.0 

0.  .10721 

0.10518 

4,0 

1.0538 

1.0570 

l.l 

0.51557 

0.10038 

n 

1.0272 

1.0441 

1.2 

0..V.B3U 

0.2*150  5,y 

0.27001  lj 

1.0003 

1.0261 

1.3 

0.01001 

1.0000  • 

1.01 16 

1.1 

0.0X550 

0.11700 

tl  A 

0.09663 

1.0027 

1.5 

1.0 

0.72072 

0.772111 

0.30100  :|  , 
0.-10708  '  ’  . 
0.15172  1  7>0 

0.99642 

0.99713 

C  O 

ii 

1.7 

o.xrwi 

Table  VIII 

( 

|  v.(0 

t  *.«) 

1  4 

■  *.«) 

I  4.(1) 

0 

0 

0  | 

2.1 

0. 15707 

0.41250 

0.1 

0 

u. 50000 

2.2 

((.  16711 

0.19746 

0.2 

0.001499 

0.49998 

2.3 

0. 17692 

0.18119 

0.3 

0.003666 

0.49996  1 

2.4 

0.18571 

0,1(1181 

0.4 

0.006748 

0.49989 

2.5 

0. 19157 

0.14551 

0.5 

o.otow 

0.418(73 

3.0 

0.21615 

0.21580 

0.0 

0.014983 

0.49929 

3.5 

0.2UW5 

0.11911 

0.7 

U. 020187 

0.49871 

4.0 

0.18580 

0.072012 

0.8 

0.026596 

0.49786 

4.5 

0.15170 

0.017815 

0.9 

0.033593 

0.418.61 

5.0 

0.11628 

-0.016069 

1.0 

0.011305 

0.49482 

5.5 

0.081810 

—0.031518 

1.1 

0.019801 

0.49218 

6.0 

0.056287 

-0.012182 

1.2 

0.058939 

0.48911 

6.5 

0.014264 

—0.012662 

1.3 

0.068709 

0.48547 

7.0 

0.017629 

—0.03381 IS 

1.4 

0.079037 

0.48059 

7.5 

0.0058117 

—0.092702 

1.5 

0.089805 

0.47467 

8.0 

—0,0018968 

—0.025810 

1.6 

0.10091 

0.46759 

1  8.5 

-0.006405 

—0.019124 

1.7 

0.11228 

0.45921 

9.0 

—0.008518 

—0.013260 

1.8 

0.12372 

0.44961 

9.5 

-0.008971 

-0.0083210 

1.9 

0.13510 

0.43858 

10.0 

-0.008373 

-0.0015501 

2.0 

0.11626 

0.42624 

■ 
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b.  A  Cylindrical  Shell  with  Free  Edges  under  the  Influence  of  a  Uniform 
Pressure  and  Temperature.,  .Fjrom  the  boundary  conditions  ■  0^*0  with 
x  ■  0  and  x  •  1  we  determine. 


a-.  -  4  [£t5Sr^«r,-|  {Nl+f) +fji 


T* - £  §.(*,  +  /)+,].  Tt  -  f  Tt 


(9.6) 


IT  ...  9  fffifli  —  Ottxr  .  j\  ,  .1  (rh«/~  ro*>l)(|»h«i  —  ««ln|U) 

T*r-xi  BX^Wt  — FOTrmyp — ^  \ 


For  a  homogeneous  cylinder  with  linear'  heating,  along  the  thickness  of 

^  v  •  '** • i 

the  wall  .;  .  —  •  .•  .....  ... 

—  ch  k*  »i»  k(l  —  x)  — sin  kx  ch  k  (l  ~  x)  +  cosAxsIi  *(/  — jr))  (0.7) 

_ _ _ ft—  f  +  V  n  ‘,  -lt  rh ixca*kU—x)—tn\ixrhk(i—j) 

i  *  4  »li*/  +  »ini;  '*■  . 


The  maximum  normal  stresses  at  the  cylinder  edges  will  be 


ft-— +  <“> 


These  same  stresses  in  the  middle  of  the  cylinder,  equal 


(0.0) 


_  T  go <«.-«.),  a,.  _  ,  .P.i'i-Jii  _  1  x  .i'trJi’l  <j 

2  (1-”)  9»”±  2(1-1*)  *  K3(t  -  i*>) 


c-  A  Qylindrioal  Shell  with  Rigidly  Supported  Edges  during  uniform  Heating 
along  the  Meridian  and  with  Uniform  Pressure.  Since  w  ■  Mu^  »  0  with  x  -  0 
and  x  ■  1,  then 
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r,__. !;P^».-J;(yl+/)+e]  jo. io) 

■r  tC.li,  —  C.  1).  r  , 

r'  "ITT  - 1;  (.V, + /) + ,]- , 


For  a  homogeneous  cylinder  with  linear  heating  along  the  thickness 
we  get 


r,  -  m  m  J,  ^  j.!iy  JLg^aa . 


d.  A  Cylindrical  Shell  with  Ribs  during  Uniform  Heating  along  the  Axis 
and  with  uniform  Pressure.  Lets  examine  a  cylindrical  shell  with  close  and 
evenly  placed  ribs.  In  this  instance,  the  ribs  at  a  distance  from  the 
edges  act  only  through, stretch  on  the  compression.  The  ribs  transmit  only 
the  concentrated  ringed  force  P  kg/cm,  to  the  shell.  We  have  five  boundary 
conditions  for  determining  the  five  unknowns,  T^,  T2,  T  ,  T^,  P.  Vie  initially 
select  the  middle  coordinate  between  the  two  ribs  (assuming  Ru*.  ~  R).  Then 

1  ^  1  t 

xv'  m0,  Qi^O  np»  *  *=  0;  V)  ==  0,  A/?«»  “  — ®>  Qi  “  x  “  “  < 


Conditions  with  x  -  0  follow  from  symmetric  consideration  of  deformation 
relative  to  the  initial  section.  As  a  result 
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(9.12) 


T  + 

-  _ ®.*(4')  +  ®,'(i«)  O.B.-C,*  , 

r,  -  -  (».  +  I?©*  ( iO— «<!»*(  101 !  (®i(10  [«®« (10  + 

+ )<», ( Jr,])  +  <J>t  ( JO  w 10 — ««>.  (JO]  +  <«?  (b’+J**)  + 

+W<M- &!?«•)•  r.-r.-o- 


From  her®  with  E^Fut.  •*  “  and  tui.*  0,  we  get  the  Instanoe  of  rigid 
fastening  of  the  cylinder  during  x  ■  +  £  1, 

10.  Static  Stability.  We  assume  that  before  the  lose  of  stability,  the 
shell  is  uniformly  compressed  by  forces  N-j.  -  -  q  kg/cm.  Lets  examine  the 
instance  of  an  axially  symmetric  form  of  stability  when  the  following  conditions 
are  satisfied; 

to  (0)  —  to  (Q  *»  Wti  w"  (0)  «■  to"(J)  -» 0  • 

Solution  of  basic  equation 


where 

we  search  in  form  of 


w,v  +  Taw"  +4*  (to  —  to*)  *■  0 


Wo  -  iilr  b^—cs 


W—TOo+TO#  > 


(10.1) 

(10.2) 

(10.3>  ; 


‘  Here  Wg  is  the  bending  due  to  the  loss  of  stability.  Let 


* 

TO#  —  T  > 

»-« 


(10.4) 


by  this  X  =  ufiR/1,0  is  the  number  ‘if  half-waves  in  the  direction  of  the  shell 
axis  originating  during  the  loss  of  stability.  By  substituting  expressions 
(10,3)  and  (10,U)  into  equation  (10.3 )  we  find  the  critical  force 


jy-iy: 

>•*  J  TSJ( 


(10.5) 


By  considering  q*  as  a  continuous  function  X  we  determine  the  minimum 
value  of  the  critical  force 


?•!«•  -  7p[t rosprsfi  (5a -A4)  -ca  +  ca]  ao.6) 

which  occurs  during 


(10.7) 


From  (10.6),  ( 10. 7)  we  obtain  the  known  form  given  by  S.  P.  Timoshenko 
for  a  homogeneous  shell  /7/ 


9mm  -  -Jr  Kau'-T*>  ’ 


£  •  (10.8> 


Stresses  in  the  layers  at  the  moment  of  stability  loss  are  determined 
from  equations 

-<•)  d»  . 


o^+^a, — ?;10.  ir-t  *' 


and  thus: 


From  here  /7/  we  obtain  the  following  for  a  homogeneous  shell: 


- - T~wm~  h  KaVi’-i*') 


„  ,  _ 


38 


(10.10) 


1 


The  numerical  values  of  forces  q  min’?  stresses  and  a^'  ^for  a 

series  of  values  a^,  <?2,  Eg,  ^  are  given  in  Table  IX.  In  Tables 
X  -  XI  the  values  of  stresses  in  the  layer  during  the  loss  of  stability 
are  shown  for  a  series  of  relationships  an<*  ^0T  va^ue  ^  "  0»2« 

These  results  are  presented  in  Fig.  10-11,  where 


Fig.  9 . 


11.  Dynamic  Stability.  The  problem  concerning  dynamic  stability  of  a  bar 
was  raised  by  N.M.  Belyaev  /8/. 

Lets  investigate  an  axially  symmetric  form  of  loss  of  stability  of  a 
bimetallic  shell  when  the  latter  is  uniformly  compressed  by  axial  forces 

Ar,  =»  —  7  «  —  70  —  7,  cos  wF 
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(11.1) 


i 

where  w  is  the  circular  frequency  of  the  external  force  and  T  is  the  time. 
Considering  the  inertia  of  the  bending  of  the  shell  sections,  the  equation 
of  the  problem  will  appear  as 


where 


OTIV  +  2 aw"  4-  b'w—  Ju\N' 


(11.2) 


p-tA+tA  (U.3) 


where  Y^  and  Y  2  are  specific  gravities  of  the  material  layers. 
Solution  of  equation  (11.2)  is  presented  &3- 


0— » 

to  *=  Wa  +  2  At  { T )  sill  '-1(- 


(11.4) 


where  Aq(T)  is  the  parameter,  depending  on  time. 


K'o  *=  —  (?•  +  ‘os  U>T) . 


(11.5) 


By  substituting  expression  (11. U)  into  equation  (11.2)  we  find 


{— ! bri-  +  «» <**-«•“  ?> ,os  u,r>  'l“  (r)}  si“ '«• 

1  .  U-l 


o  (li.C). 


Here  a*  is  the  critical  force  determined  by  formula  (10.5). 
Equation  (11.6)  is  reduced  to  the  Mathieu  equation. 
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(11.7) 


i 


./U„iA 


(I  —  r0  Cl'S 2t)  .In  (/')  nO 


where  w  is  the  average  natural  frequency  of  the  shell, 

t-Y®7’*  *•“  ,•!!,.  »  “« =  )t Y'q' 1  *  <H-8) 

Generally  speaking,  investigation  of  dynamic  stability  of  an  elastic 
system  always  reduces  to  the  Kathieu  equation  if  the  forms  of  loss  of 
static  stability  and  oscillations  are  the  same. 


Fig.  10 


Kathieu  equation  was  investigated  more  comprehensively  for  the  first 

time  by  A.  Andronov  and  M.  Leontovich  /$*/  in  connection  with  the  problem 

of  oscillation  of  a  pendulum  in  the  gravitational  field*  For  instance, 

when  e0  <  1  and  we  is  any  valid  number,  they  showed  that  equation  (11.7) 

can  have  the  following  solution.  The  first,  a  so-called  stable  solution, 
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represents  an  almost  periodic  function 


*  (T)  -  g^f  W  +  fcr-H'  9  (- *)  +  gl'8i"  "  W 


where  9  (t),  c p  (  .  T  ),  77(c),  Kr)  are  functions  of  r  ,  the  period  of 

1  1 

which  equals  ffj  r  is  the  characteristic  number;  g^,  g^,  g1#  g2  are  the 
arbitrary  constants* 

If  r  is  the  rational  number,  then  A#(T)  is  a  function  with  a  period 
2ir. 

The  stable ^  values,  v^/v  correspond  to  the  stable  solution  (11,9).  The 
second  to  the  unstable  solution  (when  T-ikorT«l  +  ik) 

At  ( T )  -  i(— *)  i 


where  <p  ^(r)  is  the  periodic  function  ;rf.th  a  period  77  or  277,  Here  Ae(T) 
increases  indefinitely  only  if  the  correlation  between  A^(0)  and  dAfr(0)/dr 


Table  IX 
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iir/cx 

1.18 
0.57(1 
1.21 
0.012 
1  .M 
0.710 
iy.o 
0.077 
2.27 
1.25 
2.56 
1.12 


Table  XI 


Values  r> 


(2) 


with  n  =0.3 


/:.//. 

10 

‘ 

1 

5  i 

3 

J 

I 

0.73 

0.5 

0.35 

0.1 

«.  /  *« 

O' 

o.0u:o.) 

0.00015 

0.0212 

0.0072 

0.1513 

0 .  C0.>1; 

1.070 

2-121 

9. 681 

6.0.52 

111 

0.«55T3 

0.00917 

0.I12.N 

0.1907 

0.2901 

0.0052 

Mam 

1.273 

2.G57 

6.539 

K 

O.U5171 

u.ooioo 

0.1111 

0.1111 

0.2117 

0.6052 

0.82  V, 

1.271 

WWm 

6.344 

r 

0.O.CU3 

U.UU'iil 

0 . 10*19 

0.1 S50 

Q.2*'<2 

0.0052 

0.1270 

1.279 

2.511 

5.79j 

:i 

o.n;x.i2 

0.00105 

0.101.1 

0.2801 

0.6032 

0.8200 

1.259 

2.435 

5.101 

*» 

O.O1.V1S 

0.05115 

O.imi'i 

0.2803 

0.0052* 

0.8191 

1.227 

2.282 

4.622 

t 

0.0.1271 

0.05592 

U.09NS3 

0.1111 

0.2197 

0.6052 

9*™ 

1.139 

2.001 

4.271 

0.01.130 

0.05719 

0. 1022 

0.1N7.S 

0.21M5T. 

1.137 

2.030 

4.327 

0.:. 

O.O’.CU 

PISSEa 

0. 1095 

0. 1911 

0.5001 

0.6052 

0.7159 

1.121 

2.031 

4.548 

0.25 

0.05493 

0.07201 

0. 1259 

0.2135 

0.3113 

0.0052 

5E31 

1.129 

2.125 

5.052 

0.1 

0.1*1559 

0.01299 

0.15.17 

0.318.1 

.1.0052 

0.7U23 

1.105 

2. 201 

5.573 

0 

o.oou'o 

0.07505 

0.1210 

0.2017 

0.3020 

0.005. 

0.1070 

1.210 

2.421 

6.052 

The  first  solution  corresponds  to  the  stable  work  region  of  the  shell, 
the  second  to  the  unstable.  Values  Ce  and  w^/w  determining  the  dividing 
lines  of  the  stable  and  unstable  regions  correspond  to  the  solution,  one 
of  which  is  the  periodic  with  a  period  tt  or  2ir,  the  other  being  7F(l)  + 
-(t),  where  F  (7)  and  <£(7)  are  the  periodic  function  with  a  period  of  ir  or 
2n, 

3 

The  boundaries  of  the  unstable  regions  (with  accuracy  to  c  )will  be  /10/ 

ft 


First  region 


Second  region 


Third  region 


■  V* ?  i  •• + ■»*  ***  ^  ■*»**•* 

(Uhl) 

v.  (vL-/4+:"' 

(11.12) 

)  =„l/ir+£  «.***■.* 

(11.13) 

'31,32 

kk 

Hera  w,  are  the  critical  values  of  frequencies  of  the  external  force 
kp 

o,  during  which  the  cylindrical  shall  becomes  unstable. 

12.  A  Multilayered  Cylindrical  Shell.  If  the  shell  is  multilayered,  then 
all  basic  correlations  obtained  previously  reraain  the  same,  and  the 
expression  changes  for  Bl>  •••>  f  and  g.  Let  the  shall  have  m  layers. 
Lets  assume  that  the  surface  in  n  layers,  distant  from  the  internal  surface, 
is  the  original.  The  surfaces  of  the  j  layer,  are  spaced  at  a  distance  of 

and  h-r 

Let  d,  ■  -  £  be  the  thickness  of  the  j  layer,  E  the  modulus  of 

“  J  J “1  J 

normal  elasticity,  ^  the  Poissons  ratio,  ^  the  coefficient  of  the 
linear  thermal  expansion.  As  previously,  we  consider  that  the  shell  is 
thin  and  elastic.  Then,  instead  of  expression  (l.l)  for  a  bimetallic  shell, 
we  have  the  following  correlations  for  a  multilayered  shell: 


I 


i 


i 

« 


»  "  -5/-« 


Ji-i 
\  = 
.  f  .  , 

m 


J/,-2  S  «,w>  zdz  + 

2  \ 

«  ij-i 

»*1  -C, 

m  " 

i 

iv.-SS  i  *  + 

2  5 

«  (,-t 

mi  - 

» 

» -«<- 

•i 

Nt  -2)  j  <li  + 

-  ) 

JjW  di 

»  tjF-1 

»+i  *  t) 

(12.i) 


Here  the  stresses  in  the  j-n  layer  0-^3)  and  are  determined 

by  Hooke's  law.  In  order  to  obtain  formulas  for  and  Og^lt  is 

sufficient  to  exchange  indexes  1  and  2  related  to  the  layers  in  expression 
(1.11)  by  j,  4 


^5 


As  a  result,  for  internal  forces  of  a  multilayered  shell,  expressions 

i 

which  in  their  form  do  not  coincide  with  formulas  (1.12)-  (1,1$)  are 
obtained;  however, for  rigidity  the  following, expressions  should  be 
taken: 


a.  -  Si .  r  -  2**/  (12.2) 

i  n  i  n  I 

j  i  1— (»/  •  a  <2lW  J— i*/ 

x.  i  *‘i  M*/ +  *i- 1)  t  V  R!  *t  ( +  l/-i) 

C»— a-2i 

i  A  +  i  V  .  &<(*<  +  */-«) 

2jI‘j  i_,T'  t  & 

,  «+■! 

/-2,-i^rr  +.^,-1— • 


1— 


m 


'i--?7  5  h'd. 

'/■i 


-  ~n 

>  v3^>  +iyWl 
*/  *=  i7  5  ?i,rfs 


«/  -  Ti  5  "/  =*  ~t'  1  fat'.dz 

J  ij- 1  -i> 


Further  calculations  remain  unchanged. 
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